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Project #14
Properties of Continuous Time Fourier Series, Multiplication

In this project we will demonstrate the validity of “multiplication
property” of Fourier series (FS). Let two signals x(t) and y(t) be both periodic
with period T, then the product signal x(t)y(t) will aso be periodic with the same
period. If FS representations for the two periodic signal are known, then FS
representation for the product signal can be obtained by using this property which

we can express as follows.

X(1) =, y(B) s, = xO)YO) B, = Sab,  (141)

Aswe see, the sequence of FS coefficients of the product signal x(t)y(t),
c's, is the discrete time convolution of two sequences a’s and by's, FS
coefficients of x(t) and y(t) respectively.

This time, we will work with periodic sguare wave and cosine signals
shown in Figure 14.1 (upper and middle panels), to construct our example. For
the square wave signal with T=1 and T, =0.25, we aready know FS coefficients
a,'s, expressed as a discrete time sequence with index k, are

_on _sin(kz/2)
al0]="7*, alk]="= "= fork#0. (14.2)

For the 1Hz cosine signal, cos(21t) , FS coefficients b/ s are

05 k=+1
= : 14.3
O {O, otherwise (143)

We can also express by’ s as a discrete time sequence with index k as
b[K] = 0.50[k +1] + 0.50[k —1] . (14.9)

73



SIGNALS AND SYSTEMS LAB USING MATLAB® (© 2001, MusA H. AsYALI)

To carry out the convolution of a, and by sequences, we have used three
different approaches.

In the first one, we have directly implemented the sum formula for c,

given in statement (14.1), using a“for loop”.
In the second technique, we used the following property of impulse

function

K™ ok £k] =k £ k], (14.5)

where “*” denotes the convolution operation. Using equations (14.4) and (14.5),
we expressed the convol ution of the sequences a[k] and b[k] as follows.
a[k]* b[k] = a[k]* (0.50[k +1] + 0.50[k —1])
= 0.5a[k]* o[k +1] + 0.5a[K] * 5[k —1] (14.6)
=0.5a[k +1] + 0.5a[k —1]

This last formula indicates that the convolution a[k]*b[k] can be
obtained by adding two shifted and scaled versions of a[k]. We basicadly
implemented thisideato carry out the convol ution.

In the third technique, we simply used Matlab’s conv function to
convolve a[K] and b[K] sequences. For more information about this function, type
“help conv” a the Matlab prompt.

Y ou can find Matlab code of this project below, in mfile “project14.m”.
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y() X(t)

z()=x()*y(t)
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Figure 14.1 Square wave signal with T=1, T; =0.25 (upper panel), 1Hz cosine (middle

panel), and reconstructed signal from convolution of FS coefficients of these two

sequences (lower panel).

% Proj ect #14

% Title:
%

Mul tiplication

% CGeneration of 1Hz cosine

t=-1.5:0.005: 1. 5;
Xt =cos(2*pi *t);

Properties of Continuous Tine Fourier

75




SIGNALS AND SYSTEMS LAB USING MATLAB® (© 2001, MusA H. AsYALI)

% Ceneration of periodic square wave
yt =xt >0;

% FS coefficients of periodic square wave
k=-50: 50;

T=1; T1=0. 25;

ak=si n(k*2*pi *(T1/T)) ./ (k*pi);

% Manual correction for a0 -> ak(51)
ak(51)=2*T1/ T;

% 1st way to create ck's (For | oop inplenentation
% of convol uti on)
% FS coefficients of 1Hz cosine (over k=-100..100)
bk=zeros(1, 201);
bk(100) =0. 5; bk(102) =0. 5;
ckl=zeros(1, 101);
for k=-50:50

u=0;

for L=-50:50

u=u + ak(L+51)*bk(k-L+101);

end

ck1(k+51) =u;
end

% 2nd way to create ck's (A sinpler way of inplenenting
% convol ution using properties of inpulse)

% FS coefficients of 1Hz cosine (over k=-50..50)
bk=zeros(1, 101);

bk(50) =0. 5; bk(52) =0. 5;

ck2=0. 5*[ ak(2:101) 0] +0.5*[0 ak(1:100)];

% 3rd way to create ck's (Inplenentation of convolution via

% Mat | ab' s "conv" function that does convol ution)
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% FS coefficients of 1Hz cosine (over k=-1..1)
bk=zeros(1, 3);

bk(1) =0. 5; bk(3)=0. 5;

ck3=conv( ak, bk);

ck3(103)=[]; ck3(1)=[];

% Check the equality of ckl, ck2, and ck3

ckl-ck2

ckl-ck3

% Have seen that both differences produced vectors
%filled with zeros?

% Reconstruction fromckl's with 101 ternms (M=50)
wW0=2*pi / T; zt =zeros(1,l ength(t));
for k=-50:50
zt=zt + ckl1l(k+51)*exp(j*k*wo*t);
end

figure(l);set(gcf, " defaultaxesfontsize',8)
subplot (3,1,1);plot(t,xt);ylabel ("x(t)")
title('1 Hz Cosine')

set(gca,'ylim,[-1.2 1.2]);9rid

subplot(3,1,2);plot(t,yt);ylabel ("y(t)")
title(' Periodic Square Wave (T=1, T1=0.25)')
set(gca, 'ylim,[-1.2 1.2]);0rid

subplot(3,1,3);plot(t,real (zt))
xlabel ("t');ylabel ("z(t)=x(t)*y(t)")
title(' Reconstruction fromck''s")
set(gca,'ylim,[-1.2 1.2]);9rid
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